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Introduction

Slope stability
on curves

Bridegland stability
on triangulated categroies

𝐸 ∈ Coh(𝐶) 𝐸 ∈ Db (Coh𝑋 )

generalise

Stability conditions have been proved to exist on Db of varieties…
• Varieties whose derived category admits a full exceptional collection:

projective spaces P𝑛 , quadrics 𝑄𝑛 ⊆ P𝑛+1, Grassmannians Gr(𝑘, 𝑛).
• Curves (= slope stability);
• Surfaces (tilt stability);
• Fano threefolds;
• Abelian threefolds;
• Quintic threefolds, and some other CY3 with Picard number 1.
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Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:
• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:

• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:
• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;

• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a
lattice Λ and satisfies the conditions:

• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:

• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:
• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];

• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:
• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;

• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:
• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Stability conditions

Let D be a triangulated category

Definition (Bridgeland)

A Bridgeland Stability Condition BSC on D is a pair 𝜎 = (A, 𝑍 ) where:
• A is the heart of a bounded t-structure;
• 𝑍 : 𝐾 (A) 𝜈−→ Λ → C is a group homomorphism that factors through a

lattice Λ and satisfies the conditions:
• For 𝐸 ∈ A, 𝑍 (𝐸) = 𝑟𝑒𝑖𝜃 for some 𝑟 ≠ 0 and 𝜃 ∈ (0, 𝜋];
• Every 𝐸 ∈ A has an Harder–Narasimhan filtration;
• Support Property.

Remark
With the Support property, Bridgeland shows that the set of stability
conditions on D can be endowed with a manifold structure.

2 / 25



Setting

In the rest of this talk, we will take
• D ≔ 𝐷𝑏 (𝑋 ) for some smooth projective variety of dimension 𝑛,

• 𝜈 : 𝐾 (A) → Λ ≔ 𝐴(𝑋 ) to be Chern characters

ch : 𝐸 ↦→ (ch0 (𝐸), ch1 (𝐸), · · · , ch𝑛 (𝐸)).

3 / 25



Setting

In the rest of this talk, we will take
• D ≔ 𝐷𝑏 (𝑋 ) for some smooth projective variety of dimension 𝑛,
• 𝜈 : 𝐾 (A) → Λ ≔ 𝐴(𝑋 ) to be Chern characters

ch : 𝐸 ↦→ (ch0 (𝐸), ch1 (𝐸), · · · , ch𝑛 (𝐸)).

3 / 25



Examples

• For a smooth projective curve 𝐶 , 𝜎 = (Coh(𝑋 ), 𝑍 ) where

𝑍 (𝐸) = − deg(𝐸) + 𝑖 rk(𝐸)
= − ch1 (𝐸) + 𝑖 ch0 (𝐸)

gives a stability condition.

• For a smooth projective surface 𝑋 , the same construction does not give a
stability condition. (ch (𝑘𝑝 ) = (0, 0, 1) hence 𝑍 (𝑘𝑝 ) = 0).
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Tilting construction

For simplicity, assume Pic(𝑋 ) = Z𝐻 . Let 𝜇𝐻 (𝐸) ≔ 𝐻 ch1 (𝐸)/𝐻 2 ch0 (𝐸) be the
slope of 𝐸 with 𝐻 . Denote by 𝜇±

𝐻
(𝐸) the maximal (minimal) slope of its

Harder–Narasimhan factors.

For 𝛽 ∈ R, consider the torsion pair

T𝛽 ≔ {𝐸 ∈ Coh(𝑋 ) | 𝜇−𝐻 (𝐸) > 𝛽};
F𝛽 ≔ {𝐸 ∈ Coh(𝑋 ) | 𝜇+𝐻 (𝐸) ⩽ 𝛽}.

Let Coh𝛽 (𝑋 ) =
〈
F𝛽 [1], T𝛽

〉
be the tilt of Coh(𝑋 ) with this pair, i.e. for

𝐵 ∈ Coh𝛽 (𝑋 ) iff

H0 (𝐵) ∈ T𝛽 ,H−1 (𝐵) ∈ F𝛽 , and H𝑖 (𝐵) = 0 for 𝑖 ≠ 0,−1.
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Tilting construction

For 𝛽 ∈ R, define ch𝛽 (𝐸) ≔ 𝑒−𝛽𝐻 · ch (𝐸).

ch𝛽

0 (𝐸) = ch0 (𝐸);

ch𝛽

1 (𝐸) = ch1 (𝐸) − 𝛽𝐻 ch0 (𝐸);

ch𝛽

2 (𝐸) = ch2 (𝐸) − 𝛽𝐻 ch1 (𝐸) +
1
2
𝛽2𝐻 2 ch0 (𝐸)

· · ·

Take 𝛼 > 1
2𝛽

2, define the central charge by:

𝑍 tilt
𝛼,𝛽

(𝐸) ≔ −(ch2 (𝐸) − 𝛼𝐻 2 ch0 (𝐸)) + 𝑖𝐻 ch𝛽

1 (𝐸).

𝜎𝛼,𝛽 = (Coh𝛽 (𝑋 ), 𝑍 tilt
𝛼,𝛽

) actually gives us stability condition on surface.

This slope function has the advantage of actually being ‘slope’.
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Visualize Stability conditions

We have the Bogomolov-Gieseker inequality:

Theorem
For any (𝛽, 𝛼)-tilt-semistable object 𝐸 in Coh𝛽 (𝑋 ), we have

𝑄 tilt (𝐸) = ch1 (𝐸)2 − 2 ch0 (𝐸) ch2 (𝐸) ⩾ 0.

Equivalently,
1
2

[
ch1 (𝐸)
ch0 (𝐸)

]2
⩾

ch2 (𝐸)
ch0 (𝐸)

.
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Visualize Tilt Stability conditions
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Stability condition on threefolds

What about on threefolds?

The strategy is to tilt once more.

Denote by 𝜈𝛼,𝛽 (𝐸) ≔ ch2 (𝐸 )−𝛼 ch0 (𝐸 )
ch𝛽

1 (𝐸 )
the tilt slope. Consider the following

torsion pair

T𝛼,𝛽 ≔ {𝐸 ∈ Coh𝛽 (𝑋 ) |𝜈−
𝛼,𝛽

(𝐸) > 0}

F𝛼,𝛽 ≔ {𝐹 ∈ Coh𝛽 (𝑋 ) |𝜈+
𝛼,𝛽

(𝐹 ) ⩽ 0}

Then we consider the double tilt Coh𝛼,𝛽 (𝑋 ) :=
〈
F𝛼,𝛽 [1], T𝛼,𝛽

〉
.
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Stability condition on threefolds

Take 𝑠 ∈ R+, define the central charge to be

𝑍𝛼,𝛽,𝑠 (𝐴) = − ch𝛽

3 (𝐴)+ (𝑠+ 1
6
) (𝛼− 1

2
𝛽2)𝐻 2 ch𝛽

1 (𝐴)+𝑖
[
𝐻 ch2 (𝐴) − 𝛼𝐻 3 ch0 (𝐴)

]
Theorem (Bayer, Macrı̀, Toda)

The pair 𝜎𝛼,𝛽,𝑠 = (Coh𝛼,𝛽 (𝑋 ), 𝑍𝛼,𝛽,𝑠 ) is a BSC on 𝑋 if generalized
Bogomolov–Gieseker inequality holds on 𝑋 .

Conjecture (generalized BG inequality)

Let (𝑋,𝐻 ) be a threefold pair with Pic(𝑋 ) = Z𝐻 . If 𝐸 ∈ Coh𝛽 (𝑋 ) is
𝜈𝛼,𝛽 -tilt-semistable, then

𝑄𝛼,𝛽 (𝐸) = 𝛼𝑄 tilt (𝐸) + 4 ch𝛽

2 (𝐸)
2 − 6 ch𝛽

1 (𝐸) ch𝛽

3 (𝐸) ⩾ 0.
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Graded matrix factorization and
Derived category of hypersurfaces



Graded matrix factorization

Recall Orlov’s construction of triangulated categories of graded matrix
factorizations. Let 𝐴 be a graded polynomial ring

𝐴 ≔ C[𝑥1, 𝑥2, · · · , 𝑥𝑛], deg𝑥𝑖 = 1,

and𝑊 ∈ 𝐴 a homogeneous element of degree 𝑑 . We assume that
{𝑊 = 0} ⊆ C𝑛 has an isolated singularity at the origin.
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Graded matrix factorization

For a graded 𝐴-module 𝑃 , we denote by 𝑃𝑖 its degree 𝑖-part, and 𝑃 (𝑘) the
graded 𝐴-module with grade shifted by 𝑘 , i.e. 𝑃 (𝑘)𝑖 = 𝑃𝑖+𝑘 .

Definition
A graded matrix factorization of𝑊 is the following data

𝑃0 𝑝0

−−→ 𝑃1 𝑝1

−−→ 𝑃0 (𝑑) (1)

where 𝑃𝑖 are graded free 𝐴-modules of finite rank, 𝑝𝑖 are homomorphisms of
graded 𝐴-modules, satisfying the following conditions:

𝑝1 ◦ 𝑝0 = ·𝑊, 𝑝0 (𝑑) ◦ 𝑝1 = ·𝑊 . (2)

We define HMFgr (𝑊 ) to be the homotopy category of the dg-category of
graded matrix factorizations of𝑊 .
The grade shift functor 𝑃• ↦→ 𝑃• (1) induces an auto-equivalence 𝜏 of
HMFgr (𝑊 ), which satisfies

𝜏×𝑑 = [2] .
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Stability conditions on graded matrix factorization

Motivated by Mirror symmetry, Toda formulated the following conjecture.

Conjecture (Toda)

There is a stability condition

𝜎𝐺 = (𝑍𝐺 , {P𝐺 (𝜙)}𝜙∈R) ∈ Stab(HMFgr (𝑊 )), (3)

whose central charge 𝑍𝐺 is given by

𝑍𝐺 (𝑃•) = str(𝑒2𝜋𝑖/𝑑 : 𝑃• → 𝑃•).

Here the 𝑒2𝜋𝑖/𝑑 -action on 𝑃• = 𝑃0 ⊕ 𝑃1 is induced by the Z-grading on each 𝑃𝑖 ,
and “str” is the supertrace which respects the Z/2Z-grading on 𝑃•.
Upshot: This stability condition has some symmetry: (𝜏∗)𝑑𝜎𝐺 = 𝜎𝐺 [2].
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Relation with 𝐷𝑏 (Coh(𝑋 ))

Orlov proved that HMF𝑔𝑟 (𝑊 ) is related to the derived category of coherent
sheaves on the stack

𝑋 ≔ (𝑊 = 0) ⊆ P(𝑥1, · · · , 𝑥𝑛) (4)

depending on the sign of the Gorensetein index

𝜀 := 𝑛 − 𝑑. (5)

In this talk, we only consider the case 𝑛 = 𝑑 = 5, i.e. 𝑋 is a quintic threefold in
P4, which is Calabi–Yau. In this case, Orlov’s theorem spells as:

Theorem
There is an equivalence

HMF𝑔𝑟 (𝑊 ) ∼−→ 𝐷𝑏 (Coh(𝑋 )) (6)

Hence, we might expect there is a stability condition with nice symmertry on
quintic threefolds.
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Gepner type stability conditions



Gepner type stability conditions

Definition
A stability condition 𝜎 on a triangulated category D is called Gepner type
with respect to (Φ, 𝜆) ∈ Aut(D) × C if the following condition holds:

Φ∗𝜎 = 𝜎 · (𝜆). (7)

In this notion, Toda’s conjectural stability condition on matrix factorization is
Gepner type with respect to (𝜏, 2/𝑑).
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Gepner type stability condition on quintic threefolds

Under Orlov’s equivalence, the data (𝜏, 2/5) corresponds to the following data
on quintic threefolds 𝑋 :

(STO𝑋
◦ ⊗O𝑋 (1),

2
5
) . (8)

From now on, We will call a stability condition 𝜎 on 𝑋 of Gepner type if it is
Gepner type with respect to (STO𝑋

◦ ⊗O𝑋 (1), 2
5 ).
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Stringy Kähler moduli of a quintic threefold

Conjecturally, the stringy Kähler moduli will be embedded into the stability
manifold.

Figure 1: Stringy Kähler moduli space of a quintic threefold

Gepner type stability condition will correspond to Gepner point.
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Conjectural construction

Recall a conjectural stability condition on HMFgr (𝑊 ) has the central charge:

𝑍𝐺 (𝑃•) = str(𝑒2𝜋𝑖/𝑑 : 𝑃• → 𝑃•). (9)

Under Orlov’s equivalence, Toda computed the corresponding central charge
on the quintic threefolds side:

𝑍𝐺 (𝐸) = − ch𝛽

3 (𝐸) + 𝑎𝐻
2 ch𝛽

1 (𝐸) + 𝑖
(
𝑏𝐻 ch𝛽

2 (𝐸) + 𝑐𝐻
3 ch𝐵

0 (𝐸)
)
, (10)

where

𝛽 = −1
2
, 𝑎 = −0.8819 · · ·

𝑏 = 0.68819, 𝑐 = 0.104176 · · ·
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Comparison with BMT’s construction

Recall that in Bayer, Macrı́, Toda’s construction, the central charge is

𝑍𝛼,𝛽,𝑠 (𝐸) = − ch𝛽

3 (𝐸) + (𝑠+ 1
6
) (𝛼− 1

2
𝛽2)𝐻 2 ch𝛽

1 (𝐸) +𝑖
[
𝐻 ch2 (𝐸) − 𝛼𝐻 3 ch0 (𝐸)

]
,

where 𝑠 ∈ R+, 𝛼 > 1
2𝛽

2.

And the conjectural Gepner type central chage is (after some normalization):

𝑍𝐺 (𝐸) = − ch𝛽

3 (𝐸) + 𝑎𝐻
2 ch𝛽

1 (𝐸) + 𝑖𝑏
[
𝐻 ch2 (𝐸) − ( 𝛽

2

2
− 𝑐

𝑏
)𝐻 3 ch𝐵

0 (𝐸)
]
, (11)

where 𝛽 = − 1
2 , 𝑎 = −0.8819 · · · and

𝛼0 ≔
𝛽2

2
− 𝑐

𝑏
= −0.02637 · · · < 0

Sign difference in 𝛼!
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Stronger BG inequality

To make the tilting construction work with (𝛽, 𝛼) = (− 1
2 ,−0.02637 · · · ), we

need to ‘exclude the stable characters from this point’, that is:

Theorem (X.)

Let 𝑋 be a smooth quintic threefold and 𝐻 ≔ 𝑐1 (O𝑋 (1)). Then for any
torsion-free 𝐻 -slope semistable sheaf on 𝑋 with 𝐻 2 ch1 (𝐸)/𝐻 3 ch0 (𝐸) = −1/2,
we have:

𝐻 ch2 (𝐸)
𝐻 3 ch0 (𝐸)

< 𝛼0 = −0.02637. (12)

In fact, the best bound I could get here is 𝐻 ch2 (𝐸 )
𝐻 3 ch0 (𝐸 ) ⩽ −0.05.

With this inequality, at least the tilt-stability at the point
(𝛽, 𝛼) = (− 1

2 ,−0.02637 · · · ) makes sense.

20 / 25



Stronger BG inequality

To make the tilting construction work with (𝛽, 𝛼) = (− 1
2 ,−0.02637 · · · ), we

need to ‘exclude the stable characters from this point’, that is:

Theorem (X.)

Let 𝑋 be a smooth quintic threefold and 𝐻 ≔ 𝑐1 (O𝑋 (1)). Then for any
torsion-free 𝐻 -slope semistable sheaf on 𝑋 with 𝐻 2 ch1 (𝐸)/𝐻 3 ch0 (𝐸) = −1/2,
we have:

𝐻 ch2 (𝐸)
𝐻 3 ch0 (𝐸)

< 𝛼0 = −0.02637. (12)

In fact, the best bound I could get here is 𝐻 ch2 (𝐸 )
𝐻 3 ch0 (𝐸 ) ⩽ −0.05.

With this inequality, at least the tilt-stability at the point
(𝛽, 𝛼) = (− 1

2 ,−0.02637 · · · ) makes sense.

20 / 25



Stronger BG inequality

To make the tilting construction work with (𝛽, 𝛼) = (− 1
2 ,−0.02637 · · · ), we

need to ‘exclude the stable characters from this point’, that is:

Theorem (X.)

Let 𝑋 be a smooth quintic threefold and 𝐻 ≔ 𝑐1 (O𝑋 (1)). Then for any
torsion-free 𝐻 -slope semistable sheaf on 𝑋 with 𝐻 2 ch1 (𝐸)/𝐻 3 ch0 (𝐸) = −1/2,
we have:

𝐻 ch2 (𝐸)
𝐻 3 ch0 (𝐸)

< 𝛼0 = −0.02637. (12)

In fact, the best bound I could get here is 𝐻 ch2 (𝐸 )
𝐻 3 ch0 (𝐸 ) ⩽ −0.05.

With this inequality, at least the tilt-stability at the point
(𝛽, 𝛼) = (− 1

2 ,−0.02637 · · · ) makes sense.

20 / 25



Stronger BG inequality

To make the tilting construction work with (𝛽, 𝛼) = (− 1
2 ,−0.02637 · · · ), we

need to ‘exclude the stable characters from this point’, that is:

Theorem (X.)

Let 𝑋 be a smooth quintic threefold and 𝐻 ≔ 𝑐1 (O𝑋 (1)). Then for any
torsion-free 𝐻 -slope semistable sheaf on 𝑋 with 𝐻 2 ch1 (𝐸)/𝐻 3 ch0 (𝐸) = −1/2,
we have:

𝐻 ch2 (𝐸)
𝐻 3 ch0 (𝐸)

< 𝛼0 = −0.02637. (12)

In fact, the best bound I could get here is 𝐻 ch2 (𝐸 )
𝐻 3 ch0 (𝐸 ) ⩽ −0.05.

With this inequality, at least the tilt-stability at the point
(𝛽, 𝛼) = (− 1

2 ,−0.02637 · · · ) makes sense.

20 / 25



Further conjectures

Conjecture (Toda)

Let 𝑋 be a smooth quintic threefold. The pair

𝜎𝐺 ≔ (Coh𝛼0,− 1
2 (𝑋 ), 𝑍𝐺 )

determines a Gepner type stability condition on 𝐷𝑏 (Coh(𝑋 )).

Actually, there are two main difficulties here:
• Prove this construction indeed gives a stability condition.
• Show that 𝜎𝐺 is Gepner type with respect to (STO𝑋

◦ ⊗O𝑋 (1), 2
5 ).
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Previous results

Li(2019) proved that the generalized BG inequality holds on a quintic
threefold, that is, for a tilt-semistable object 𝐸, we have

𝑄𝛼,𝛽 (𝐸) = 𝛼𝑄 tilt (𝐸) + 4 ch𝛽

2 (𝐸)
2 − 6 ch𝛽

1 (𝐸) ch𝛽

3 (𝐸) ⩾ 0, (13)

but with (𝛽, 𝛼) in a restricted region:

𝛼 >
1
2
𝛽2 + (𝛽 − ⌊𝛽⌋)(1 − 𝛽 + ⌊𝛽⌋).

(perhaps oversimplified) Slogan: stronger BG inequality of ch1 and ch2 will do.
Strategy of proof:
• Use Riemann-Roch, reduce (13) to an inequality with only ch1, ch2 (In this
step, the range of (𝛽, 𝛼) needs to be restricted);
• Use restriction lemma, reduce to a BG inequality on a surface 𝑆2,5 ∈ |2𝐻 |;
• Use restriction lemma and Riemann-Roch, with some Clifford type bound
on the curve 𝐶2,2,5 ∈ |2𝐻𝑆2,5 |, get the inequality.
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Comparison of bounds

0.5
−0.05

𝐻 2 ch1
𝐻 3 ch0

𝐻 2 ch2
𝐻 3 ch0

Figure 2: Blue:Li’s bound Red: my bound
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Idea of proof

• Use a generalized restriction theorem, reduce to the surface 𝑆5 ∈ |𝐻 |

• Use the same restriction theorem again, with the Clifford type bound on the
curve 𝐶5 ∈ |𝐻𝑆5 |.
• Advantage: get a better bound near 1/2.
• Disadvantage: the bound is weaker near 0 and 1.
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Thank you for your attention!
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