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Orlov’s theorem Concepts / Terminology Hands-on MF’s KP and VGIT Examples

Punchline

Theorem (Orlov 2009)

Let X ⊂ Pn−1 be a hypersurface, with defining equation f ∈ H0(O(d)).

There
is a graded category of matrix factorizations GMF(f ), which:

is equivalent to Db(X ) if X is Calabi–Yau.

is the Kuznetsov component of Db(X ) if X is Fano.

has Db(X ) as a residual component if X is general type.

Remark (explained later)

GMF(f ) = matrix factorizations on ([An/Zd ], f ).

Some consequences:

[An/Zd ] has a d-torsion orbifold line bundle
=⇒ ∃T ∈ Aut(Db(X )) with T d = [2], for Calabi–Yau X .

The canonical bundle of [An/Zd ] is d-torsion
=⇒ Kuznetsov components are fractional Calabi–Yau
(for Fano hypersurfaces / complete intersections)
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Proof structure

Hypersurface X ⊂ Pn−1, f ∈ H0(O(d)).

([Cn+1/(C∗)1,...,1,−d ], fp)

(OPn−1(−d), fp) ([An/Zd ], f )

X

Two steps:
1 KP - easy geometric functor (push-pull).
2 VGIT - mildly computationally annoying functor

(iterate cones to move something into a window).
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Tower of Babel

Physics jargon:

Landau–Ginzburg B-model ⇝ (X ,W ); variety + global function
(family of hypersurfaces W−1(λ))

Superpotential ⇝ global function W

B-brane ⇝ matrix factorization of W

Open sector of B-model ⇝ dg-category of B-branes
= matrix factorization category

Closed sector of B-model ⇝ HH• of B-brane dg-category
(HKR isomorphism ⇝ = H•(Ω•

X , dW ) = Jac(W ))
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Tower of Babel

Physics jargon:

Landau–Ginzburg A-model ⇝ (X ,W ); manifold + global function
(symplectic Lefschetz fibration)

Superpotential ⇝ global function W

A-branes ⇝ thimbles / vanishing cycles

Open sector of A-model ⇝ A∞-category of A-branes
= Fukaya–Seidel category

Closed sector of A-model ⇝ HH• of A-brane A∞-category
(GPS, Abouzaid–Seidel, ... ⇝ = SH•(Milnor fiber) = Jac(W ))
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Tower of Babel

Maths jargon:

Definition (abstract algebra)

Curved dg-algebra: (A, d ,w) with |w | = 2, d2 = [w ,−] and dw = 0.
Curved dg-module: (M, d) with d2(−) = w(−).
e.g. graded algebra with |w | = 2 central.

More generally: MF(C ,w) for dg-category C with w ∈ HH2(C ).

Definition (Orlov 2009)

Graded algebra A with |w | = n central.
“Curved dg-modules” over (A,w): n-twist between even and odd parts.

Definition (Ballard–Favero–Katzarkov 2014)

X variety with G action, w ∈ Γ(X , L) for G -equivariant line bundle L.
Pairs of sheaves with d2 = w ; L-twist between even and odd parts.

Orlov: X = SpecA, G = Gm, L = O(χn
Gm

) [like ProjA with O(n)]
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Maths jargon:

Definition (abstract algebra)

Curved dg-algebra: (A, d ,w) with |w | = 2, d2 = [w ,−] and dw = 0.
Curved dg-module: (M, d) with d2(−) = w(−).
e.g. graded algebra with |w | = 2 central.

Definition (Segal 2011)

Grading on OX : C∗-action on X , w ∈ Γ(OX ) weight 2.
Sheaves of curved dg-modules over (OX ,w):

graded module = C∗-equivariant sheaf,

differential = C∗-weight 1 endomorphism d s.t. d2 = w .

Orlov: X = [SpecA/Zn], grading weights 2
n

so |w | = 2.

Fact

This is a special case of BFK definition with G = C∗, L = O(χ2
C∗).

Conversely, BFK definition is equivalent to taking X = [U(L)/G ] here.
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Derived categories: Objects

E.g. Db(P2), chain complexes, d2 = 0: O(−2)[2] O(−1)2[1] O

 y

−x

 (
x y

)  ≃ O/(x , y)

Totalizations of complexes of complexes (e.g. cones):

Tot


O(−2)[2] O(−1)[1]

O(−1)[1] O

x

y y

x

 ≃
(
O/y(−1)[1] x−→ O/y

)
≃ O/(x , y)
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Matrix factorizations: Objects

E.g. MF(OP2(−3), xyzp), fiber coordinate |p| = 2,

more d ; d2 = xyzp: O(−2)[2] O(−1)2[1] O

 y

−x

 (
x y

)
(
xzp 0

)  0

xzp



 ≃ O/(x , y)

Totalizations of complexes of complexes (e.g. cones):

Tot


O(−2)[2] O(−1)[1]

O(−1)[1] O

x

y y

x

xzp xzp

 ≃
(
O/y(−1)[1] x−→ O/y

)
≃ O/(x , y)
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Matrix factorizations: Quasi-isomorphisms

Definition (Orlov 2011 “... nonaffine LG-models”)

A matrix factorization is acyclic if it is homotopy-equivalent to the totalization of
an exact sequence of matrix factorizations.

A quasi-isomorphism is a map whose cone is acyclic.

Example (Koszul resolutions)

Exact sequence:

O(3) O O/p.

O(3)[1] O(3)[1]
xyzp

p

xyz

1

1
1

p

First column contractible =⇒ ( O(3)[1] O
p

xyz
) ≃ O/p.

O O

O[1] O[1]
xyzp 1 xyzp1 1
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Matrix factorizations: derived Homs

Fact (Koszul resolutions)

In Db(X ), Z ⊂ X complete intersection, RHom(OZ ,OZ ) = RΓ(∧•NZ/X [−1]).

In MF(X ,W ), get RHom(OZ ,OZ ) = RΓ(∧•NZ/X [−1], ⌟dW ).

Example

For MF(A3, xyz):

RHom(O/(x , y),O/(x , y)) = C[z]⟨∂x , ∂y ⟩

where ∂x⌟dW = yz = 0, ∂y⌟dW = xz = 0.
For MF(A3, yz2): ∂x⌟dW = 0 but ∂y⌟dW = z2, so

RHom(O/(x , y),O/(x , y)) ≃ (C[z]/z2)⟨∂x⟩.
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Knörrer periodicity

Recall: X ⊂ Pn−1 hypersurface, f ∈ H0(O(d)).

Theorem (“Knörrer periodicity” Orlov ’04, Shipman ’11, Hirano ’16, ...)

Db(X ) ≃ MF(OPn−1(−d), fp) with graded fiber coordinate |p| = 2.

Sketch of proof.
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Sketch of proof.

OX (−d)
(
OPn−1(−d), fp

)
X Pn−1.

π

j

π

j

Compute that j∗π
∗ : Db(X ) → MF(OPn−1(−d), fp) is an equivalence.
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VGIT and windows

Recall: (
[Cn+1/C∗

1,...,1,−d ], fp
)

(OPn−1(−d), fp) ([An/Zd ], f )

{x ̸=0}

j∗L

{p ̸=0}

j∗R

Definition

The window category for the interval [k : k + l − 1] is

Wk,l = “⟨O(k),O(k + 1), . . . ,O(k + l − 1)⟩” ⊂ MF([Cn+1/C∗], fp).

Theorem (Segal 2011, Halpern-Leistner 2015, Ballard–Favero–Katzarkov 2019)

j∗L |Wk,n is an equivalence onto MF(OPn−1(−d), fp) ≃ Db(X ).

j∗R |Wk,d is an equivalence onto MF([An/Zd ], f ).

Corollary

If d = n, Db(X ) ≃ MF([An/Zd ]).

If d < n, MF([An/Zd ]) ⊂ Db(X ).

If d > n, Db(X ) ⊂ MF([An/Zd ]).
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VGIT and windows
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VGIT and windows

Wk,l = “⟨O(k),O(k + 1), . . . ,O(k + l − 1)⟩” ⊂ MF([Cn+1/C∗], fp)(
[Cn+1/C∗

1,...,1,−d ], fp
)

(OPn−1(−d), fp) ([An/Zd ], f )

{x ̸=0}

j∗L

{p ̸=0}

j∗R

Sketch of proof.

j∗L is restriction to {x ̸= 0}.

Koszul resolution:(
O(−n) → O(−n + 1)n → · · · → O(−1)n → O

)
→ O{x=0}

=⇒ j∗LO(−n) ∈ j∗L (W−n+1,n). By induction j∗L |W−n+1,n is essentially surjective.
Kodaira vanishing =⇒ fully faithful. Twist =⇒ same for Wk,n ∀k.
Same idea applies to other GIT quotients.
The normal bundle of the unstable locus tells you the window size.
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Example: Elliptic curve

Let E : {y2z − x3 − xz2 = 0},

so Db(E ) ≃ MF(OP2(−3), fp) ≃ MF([A3/Z3], f ).

Example (Skyscraper sheaf)

What does Op=[0:0:1] ∈ Db(E) map to? Step 1, KP:

Op 7→ Oπ−1(p) ≃

 O(−2)[2] O(−1)2[1] O

 y

−x

 (
x y

)
(
yzp (x2+z2)p

) −(x2+z2)p

yzp



 .

This comes from a length 3 window, so just restrict to {p ̸= 0}.

Op 7→

 O(2)[2]⊕O O(−1)2[1]

 y −(x2+z2)

−x yz


yz x2+z2

x y



 ∈ MF([A3/Z3], f ).
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Example: Elliptic curve

Let E : {y2z − x3 − xz2 = 0}, so Db(E ) ≃ MF(OP2(−3), fp) ≃ MF([A3/Z3], f ).

Sanity check

So Op 7→ O/(x , y) ∈ MF([A3/Z3], y
2z − x3 − xz2).

RHom(O/(x , y),O/(x , y)) = (C[z]⟨∂x , ∂y ⟩)Z3 ,

where ∂x 7→ z2, ∂y 7→ 0. =⇒(
(C[z]/z2)⟨∂y ⟩

)Z3 = C{1, z∂y}.

As expected: RHom(Op,Op) = C⊕ C[−1].
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Example: Elliptic curve

Let E : {y2z − x3 − xz2 = 0}, so Db(E ) ≃ MF(OP2(−3), fp) ≃ MF([A3/Z3], f ).

Example (Line bundle)

What about OE?

Step 1, KP: OE 7→ O/f ≃
(
O(−3)[1] O

f

p

)
.

This does not come from a length 3 window; we need to adjust it.

O(−3)[1] O(−2)3 O(−1)3[−1] O[−2]

O[−1]

f

(−z y −x)t

(xz yz x2)

···

··· (x y z)

··· ···

(−z y −x)tp
p

Then restrict this to {p ̸= 0}.
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Example: Elliptic curve

Let E : {y2z − x3 − xz2 = 0}, so Db(E ) ≃ MF(OP2(−3), fp) ≃ MF([A3/Z3], f ).

Example (Skyscraper sheaf V2)

What does O0 ∈ MF([A3/Z3], f ) map to?

Over {p ̸= 0} we have

p : O ≃−→ O(−3)[2],

so the Koszul resolution of O0 can be lifted to(
O[1] O(−2)3[2] O(−1)3[1] O

p(−z y −x)t

···

···

p(··· )

(x y z)

p(··· )

)
.

This is just (a shift of) what we wrote down for OE .

Sanity check

RHom(O0,O0) = (C⟨∂x , ∂y , ∂z⟩)Z3 = C{1, ∂x ∧ ∂y ∧ ∂z}.

As expected: RΓ(OE ) = C⊕ C[−1].
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Thanks for listening!
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